A class of three-dimensional Gause-type predator-prey model with delay is considered. Firstly, a group of sufficient conditions for the existence of Hopf bifurcation is obtained via employing the polynomial theorem by analyzing the distribution of the roots of the associated characteristic equation. Secondly, the direction of the Hopf bifurcation and the stability of the bifurcated periodic solutions are determined by applying the normal form method and the center manifold theorem. Finally, some numerical simulations are carried out to illustrate the obtained results.
Introduction
Multispecies predator-prey models arise frequently on various ecosystems 1-4 . They usually exhibit more rich and complex dynamics as the number of species increases. Take three-species models, for example. There might be a food chain, or two predators or preys, whose relations might be cooperative or competitive. It has attracted extensive studies on the dynamics of various multispecies predator-prey models. Cheng et al. 5 derived some results to ensure the global stability of a predator-prey system with Holling's type III functional response. klebanoff and Hastings 6 investigated a three-species food chain model. It showed that the system exhibits rich complexity features such as stable, periodic, and chaotic dynamics. Hsu and Huang 7 deals with the question of global stability of the positive locally asymptotically stable equilibrium in a class of predator-prey systems by using the Dulac's criterion and constructing Lyapunov functions. See 8-14 . where x t , y t , and z t are the population densities of prey, predator, and top predator at time t, respectively. g x is the intrinsic growth rate of prey; p x and q y are the specific growth rates of predator and top predator; h, s > 0 are the death rates of y t and z t ; e, m > 0 are the conversion rates for prey and predator. They established the stability criteria and argued that the unique interior equilibrium exists and is locally asymptotically stable. Ginoux et al. 13 highlighted that this model has several Hopf bifurcations and a period-doubling cascade generating a snail shell-shaped chaotic attractor. They compared the quantity and property of the equilibria, bifurcation structure, and shape of attractors among this model and the so-called Rosenzweig-MacArthur and Hastings-Powell models and also gave the bifurcation analysis for each model. Hastings and Powell 14 discussed a continuous time model of a food chain incorporating nonlinear functional responses, and the model exhibits chaotic in long-term behavior when appropriate biologically reasonable parameter values are chosen. They found that, for different values of the key parameter, the system exhibits several types of asymptotic motions, namely, stable equilibrium point, limit cycles, change in periodicity of these cycles, and the so called teacup chaos.
We know that the population outbreak may happen for the species with periodic fluctuation. The outbreaks of pests and mice are famous. For example, Finerty discovered in Canada the populations of polar rabbits, lynxs and Ondatrazibethicas have 10-year cycle fluctuations, and the populations of lemmings and some murine experience 4-year cycle fluctuations. When the peak arrived, the vegetation would be severely damaged. Some cyclical fluctuations are consistent with the periodicity of intensity of certain infectious diseases. Thus, it is of great significance to study periodic solutions of biological systems for controlling insect. It is known that the delay differential equations DDEs will exhibit much more complicated dynamics than ordinary differential equations ODEs such as the existence of Bogdanov-Takens bifurcation and even chaos. See [15] [16] [17] where τ is the time of gestation. The purpose of current work is to analyze the effect of delay on the dynamics for 1.3 , so we plan to employ bifurcation analysis approach with delay τ being the parameter. In particular, we choose g x α 1 − x/K , p x βx/ 1 px , and q y ry. So the following delay model will be obtained:
where α, β, k, p, h, e, r, s, m are all positive parameters. Our results reveal that Hopf bifurcation can occur as the delay crosses some critical values which leads to the existence of periodic solution that may conform to certain phenomena in ecosystem system. The rest of the paper is organized as follows. In Section 2, we first investigate the stability of coexisting equilibrium and the existence of the Hopf bifurcation of 1.4 by analyzing the characteristic equation of the associated linearized system. In Section 3, we derive an explicit formula for determining the stability and the direction of bifurcating periodic solutions by the normal form method and the center manifold theory. In Section 4, we carry out some numerical simulations to illustrate the results obtained and forecast the change of population quantity.
Stability and Hopf Bifurcation of Coexisting Equilibrium
For the sake of convenience, we nondimensionalized 1.4 with the following: scaling
where
Obviously, the delay cannot change the number of equilibria and nondimensionalizations cannot change the properties of system. Through simple analysis, we know 2.2 has four equilibria:
2.4
There is no obvious biological significance for E 1 0, 0, 0 and E 2 1, 0, 0 . In this paper, we mainly study the change of stability of coexisting equilibrium E x * , y * , z * with the variation of time delay. If as/d ≤ b < 1, then E x * , y * , z * is the uniqueness equilibrium of 2.2 . We consider the linearized system of 2.2 at E. The characteristic equation at E is given by
2.6
Abstract and Applied Analysis We compute the eigenvalues of the Jacobian matrix at the coexisting equilibrium E x * , y * , z * . Substituting λ iω into 2.7 yields,
0. Separating the real and imaginary parts, we get
Consequently, we get 
1 If C ≥ 0, then 2.10 has at least one positive root.
2 If C ≥ 0 and Δ < 0, then 2.10 has no positive root. We can define
14 that is, ±iω 0 is the purely imaginary roots of 2.7 for τ τ 0 . So we have the following. 
2.24
When where
Direction and Stability of Hopf Bifurcation
Let x 1 t x t − x * , x 2 t y t − y * , x 3 t z t − z * , X i t x i τt i 1, 2, 3 , τ τ 0 μ, μ ∈ R,φ φ 1 , φ 2 , φ 3 T ∈ C −1, 0 , R 3 ,
and the nonlinear term is
h μ, φ τ 0 μ ⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ −2φ 2 1 0 − 2ab x * b 2 φ 2 0 φ 1 −1 −2bcy * b x * 3 φ 2 1 0 2bc b x * 2 φ 1 0 φ 2 0 − 2rφ 2 0 φ 3 0 2drφ 2 0 φ 3 0 ⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ .
3.3
So μ 0 is Hopf bifurcation point. By the Riesz representation theorem, there exists a 3 × 3 matrix η θ, μ −1 ≤ θ ≤ 0 , whose elements are of bounded variation functions such that
In fact, we can choose 
So 3.4 is equivalent to the following abstract equation:
where x x 1 , x 2 , x 3 T , x t x t θ , for θ ∈ −1, 0 . where η θ η θ, 0 . Then, A 0 and A * are adjoint operators. We know that ±iω 0 τ 0 are eigenvalues of A 0 , and, therefore, they are also eigenvalues of A * 0 . Figure 2 .
Hopf bifurcation occurs when τ τ 0 , and the bifurcating periodic solution is orbitally asymptotically for τ > τ 0 see Figure 3 .
In addition, the periodic solution of system 2.2 still exists when τ is large and its amplitude is larger compared with the solution in Figure 4 . The numerical results of Figure 4 show the global existence of periodic solutions generated by the Hopf bifurcation. How to explain the phenomenon theoretically needs further researches.
Conclusion
In this paper, we analyze the dynamics of the equilibria coexistence for a class of threedimensional Gause-type predator-prey model. We obtain the stability of this equilibrium and also claim that the introduced delay changes its stability while a Hopf bifurcation occurs. The existence of the bifurcation periodic solutions for sufficiently large delay has been shown by numerical simulations.
